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X0 € [0, 1, 2].

o(t) =~ 0.8907.
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12.2 Black-Scholes Formula(s) (To Compute Reference
Prices)

In a risk-neutral Black—Scholes model, the quoted price of a risky asset is a solution
to the SDE dX, = X,(rdt + odW,), Xo = xo > 0, where r is the interest rate and
o > 0 is the volatility and W is a standard Brownian motion. It6’s formula (see
Sect. 12.8) yields that

o2
X5 = xp e DWW, L N 1).

A vanilla (European) payoff of maturity T > 0 is of the form h, =p(X;). A
European option contract written on the payoff Ar is the right to receive /4, at
the maturity T. Its price — or premium — at time ¢t = 0 is given by e™"'E p(X7)
and, more generally at time ¢ € [0, 7], it is given by e T~E (p(X*) | X;°) =
e"TDE o(X7°_,). In the case where (x) = (x — K), (call with strike price K)
this premium at time ¢ has a closed form given by

Call,(xo, K, R, 0, T) = Callp(xo, K, R, 0, T — 1),

where
Cally(xo, K, 7,0, 7) = x0Po(d1) — e ™K Do(da), T > 0, (12.1)

with ;
_log (B)+¢+%)r
o T :

As for the put option written on the payoff h, = (K — X )+, the premium is

d d=d —oT. (12.2)

Put,(xp, K, r,0,T) = Puty(xo, K,r,0, T — t),

where
Puto(xo, K, r, 0, 7) = ™" K ®o(—dy) — xoPo(—d,). (12.3)
The avatars of the regular Black-Scholes formulas can be obtained as follows:

o Stock without dividend (Black-Scholes): the risky asset is X.

e Stock with continuous yield \ > 0 of dividends: the risky asset is eM X, and one
has to replace xo by e=*"x; in the right-hand sides of (12.1), (12.2) and (12.3).
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12.2 Black-Schole
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